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Using Different Recursive Calls for Different Argument Values 
 

You can also write the UNREPEATED-ELTS and REPEATED-ELTS 
functions of Assignment 5 by using different recursive 
strategies for different argument values.  
 

When f is either of these functions:  

 

• Compute (f L) from (f (cdr L)) in certain non-base cases. 
 

• Compute (f L) from (f (cddr L)) in other non-base cases. 
 
 

Note: The MERGE-LISTS, UNREPEATED-ELTS, and REPEATED-ELTS 
 functions are expected to make different direct 
 recursive calls in different cases, but there should  
 be no case in which in which these functions make  
     more than one direct recursive call! 
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Multiple Recursion 
 

A function is said to be multiply recursive if it sometimes 
makes more than one direct recursive call. 
 

• Most multiply recursive functions never make more than two 
direct recursive calls. Such multiply recursive functions 
are often said to be doubly recursive. 
 

Sethi gives an example of such a function (written in 
Scheme) in Example 10.1 of the course reader: 
  
  
  
  
                                       
 
 

From Sethi's book 
(and pp. 14 – 15 of 
the course reader). 

We'll also define the flattened form of any value that is  
not a list to be a list whose only element is that value. 
Example: The flattened form of 8 is (8). 
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Multiple Recursion 
  
  
  
  
                                       
Multiple Recursion 
  
  
  
 
  
  
  
  
  
  
  
  

We'll also define the flattened form of any value that is  
not a list to be a list whose only element is that value. 
Example: The flattened form of 8 is (8). 

Infinite recursion is impossible, because the argument passed to each recursive 
call of flatten has fewer cons cells than the value of flatten's parameter x.  

From Sethi's book 
(and pp. 14 – 15 of 
the course reader). 

(pair? x) is Scheme's 
analog of (consp x):  
(pair? x) tests if  
x ⇒ a nonempty list. 
    ∴ (not (pair? x)) 
         is Scheme's 
   analog of (atom x). 
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We see that the arg passed to each recursive call is valid and smaller than the value of 
flatten's parameter x; it remains to check that flatten returns the correct result.   

Multiple Recursion 
  
  
  
  
                                       
Multiple Recursion 
  
  
  
 
  
  

We'll also define the flattened form of any value that is  
not a list to be a list whose only element is that value. 
Example: The flattened form of 8 is (8). 

From Sethi's book 
(and pp. 14 – 15 of 
the course reader). 

(pair? x) is Scheme's 
analog of (consp x):  
(pair? x) tests if  
x ⇒ a nonempty list. 
    ∴ (not (pair? x)) 
         is Scheme's 
   analog of (atom x). 
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Multiple Recursion 
  
  
  
  
                                       
Multiple Recursion 
  
  
  
 
  
  
  
  
  
  
  
  

We'll also define the flattened form of any value that is  
not a list to be a list whose only element is that value. 
Example: The flattened form of 8 is (8). 

The function is clearly correct in the base cases. It's also easy to see that it returns the 
correct result in non-base cases, assuming both recursive calls return correct results. 

From Sethi's book 
(and pp. 14 – 15 of 
the course reader). 

(pair? x) is Scheme's 
analog of (consp x):  
(pair? x) tests if  
x ⇒ a nonempty list. 
    ∴ (not (pair? x)) 
         is Scheme's 
   analog of (atom x). 
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Multiple Recursion 
  
  
  
  
                                       
Multiple Recursion 
  
  
  
 
  
  
  
  
  
  
  
Example: If x ⇒ (((A () B) (C)) D (E (F) G)),  
(flatten (car x)) ⇒ (A B C), (flatten (cdr x)) ⇒ (D E F G), 
and so (flatten x) ⇒ (A B C D E F G), which is the correct result! 
 

(pair? x) is Scheme's 
analog of (consp x):  
(pair? x) tests if  
x ⇒ a nonempty list. 
    ∴ (not (pair? x)) 
         is Scheme's 
   analog of (atom x). 

We'll also define the flattened form of any value that is  
not a list to be a list whose only element is that value. 
Example: The flattened form of 8 is (8). 
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Multiple Recursion 
  
  
  
  
                                       
Multiple Recursion 
  
  
  
 
  
  
  

Example: If x ⇒ (9 D (E (F) G)), then  
(flatten (car x)) ⇒     (9), (flatten (cdr x)) ⇒ (D E F G), 
and so (flatten x) ⇒    (9 D E F G), which is the correct result! 
 

(pair? x) is Scheme's 
analog of (consp x):  
(pair? x) tests if  
x ⇒ a nonempty list. 
    ∴ (not (pair? x)) 
         is Scheme's 
   analog of (atom x). 

We'll also define the flattened form of any value that is  
not a list to be a list whose only element is that value. 
Example: The flattened form of 8 is (8). 
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Multiple Recursion (continued) 
 

The sorting functions MSORT and QSORT of Assignment 5 
should be doubly recursive. 
 
• Here is a graphical  
illustration of how  
MSORT sorts the list 
(5 5 4 4 1 6 6 1 8 2 5 6 6 2) 
using two direct  
recursive calls of MSORT: 
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Multiple Recursion (continued) 
 

The sorting functions MSORT and QSORT of Assignment 5 
should be doubly recursive. 
 
• Here is a graphical  
illustration of how  
QSORT sorts the list 
(5 5 4 4 1 6 6 1 8 2 5 6 6 2) 
using two direct  
recursive calls of QSORT: 
 

• If p ⇒ a real no. and 
L ⇒ a list of real nos., 
then (partition L p)  
returns a list ((…) (…)) 
where (…) contains the  
elements of L that are < p,  
and (…) contains the  
elements of L that are ≥ p. 
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Functions That Take Functions as Arguments 
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Examples of Functions That Take Functions as Arguments  
 

Consider a function SIGMA such that, if  
     g => a numerical function of one argument  
and  j, k => integers,  
then (sigma g j k) => g(j) + g(j+1) + ... + g(k).   
                                                [This sum is 0 if j > k.]   
For example, if  
     g => the squaring function x ↦ x2 
then we want 
     (sigma g 2 5) => 22 + 32 + 42 + 52 = 4+9+16+25 = 54. 
 
Two questions are: 
 

1. How do we use functions like SIGMA that take 
   functions as arguments? 
 

2. How do we write functions like SIGMA that take 
   functions as arguments? 
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Question 1: How do we use functions like SIGMA that   
            take functions as arguments? 
 

To allow students to quickly test examples in clisp  
we first consider three built-in functions, 
        MAPCAR, REMOVE-IF, and REMOVE-IF-NOT,  
that take functions as arguments. 
 

However, functions like SIGMA that we may write 
ourselves can be called in a similar way! 
 
NOTES: Scheme has built-in functions map and filter     
       that are analogous to MAPCAR and REMOVE-IF-NOT 
       (though filter isn’t provided by kawa Scheme). 
 
       Problem 11 of Lisp Assignment 5 asks you to 
       write a function SUBSET that behaves like 
       the built-in function REMOVE-IF-NOT. 
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          From Touretzky’s book. 
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Some exercises from Touretzky’s book: 
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If we don’t expect to use the GREATER-THAN-FIVE-P 
function of exercise 7.4 elsewhere, we can give a more 
concise solution to the exercise: We can use a lambda 
expression to create the function without naming it. 
 
      From Touretzky’s book. 
 
 
 
 
 
 
 
 

The #’  
before 
(lambda  
is now                     
optional! 



173 
 

From sec. 7.5 of Touretzky’s book: 
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          From Touretzky’s book. 
  

???????? 
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          From Touretzky’s book. 
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                                       From 
              Touretzky’s 
              Book 
 
 
                                           
  

???????? 

???????? 

???????? 
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                                       From 
              Touretzky’s 
              Book 
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Using Functions That Take Functions as Arguments and 
Lambda Expressions to Define Your Own Functions 
 
 
  
 
                                    From sec. 7.8 of                  
     Touretzky’s book. 
 
 
 
 
  


